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Annotatsiya: Ushbu magolada uch o ‘Ichamli olmos panjarasida aniglangan
diskret Shredinger operatorining muhim spektri tadqiq etiladi. Tadgiqot doirasida
operatorning asosiy spektral xossalari, jumladan, spektrning tuzilishi, uning
nugtaviy va uzluksiz gismlari hamda operatorga mos keluvchi matritsaviy ifodalar
batafsil tahlil qilinadi. Shuningdek, olmos panjarasining o ziga xos geometrik va
topologik tuzilishining operator spektriga ta’siri o ‘rganiladi. Olingan natijalar
kvant mexanikasi, kristall panjaralardagi elektron holatlarini modellashtirish
hamda matematik fizika masalalarida qo ‘llanilishi mumkin. Nazariy natijalar
analitik usullar asosida olinib, ayrim misollar yordamida operator spektrining
strukturaviy xususiyatlari yoritib beriladi.

Kalit se‘zlar: olmos panjara, regulyar nugta, spektr, operatorning spektri,

diskret spektr, muhim spektr, kompakt operator.

CYIIECTBEHHBIN CIIEKTP JUCKPETHOI'O OITEPATOPA
IIPEJIUHTEPA B TPEXMEPHOM AJIMA3HOM PEINETKE

Annomauyun: B Oanuou cmamve ucciedyemcsi CyujeCmeeHHbwlll CHeKmp
ouckpemrnozo onepamopa ILllpéouncepa na mpéxmepHol aIMAa3HOU peuémrke.
Paccmampusaromes cnekmpanvhbie ceoticmea 0aHH020 onepamopa, 8 YacmHoOCmu,

cmpykmypa cnekmpad, €20 mo4edHas U HenpepvleHas 4acmu, a maxkace Mampudnsle

npedcmaeﬂeHuﬂ, CBA3AHHbLE C 9MUM onepamopom

Buinyck srcypuana No-57


mailto:qahramonxolmatov672@gmail.com

Modern education and development | ,ro e

2eoMempudecKux U monoai02u4eckKux 0CoOeHHoCmell armMa3Hou peuémky Ha CNeKmp
onepamopa. llonyuennvie pesyrbmamel Mocym Oblmb NPUMEHEHbl 8 KE8AHMOBOU
MexaHuke, Npu MOOeIUPOBAHUU IIEeKMPOHHBIX COCMOAHUL 6 KPUCATIUYECKUX
pewémkax u 6 mamemamuyeckou ¢usuxe. Hapady ¢ anarnumuueckumu memooamu
npugedeHvl npuMepbl, ULIIOCmMpupyiowjue CmpykmypHole 0COOeHHOCMU CheKmpa
onepamopa.

Knroueswie cnosa: anmasnas pewiémxa, pe2yisapHas mouka, Cnekmp, CneKmp
onepamopa, OUCKDEmHblll CHEeKMp, CYWECMBEHHbIL CHeKmp, KOMNAKMHbIU

onepamop.

THE ESSENTIAL SPECTRUM OF THE DISCRETE
SCHREDINGER OPERATOR IN A THREE-DIMENSIONAL DIAMOND
LATTICE

Abstract: This article investigates the essential spectrum of the discrete
Schrodinger operator on a three-dimensional diamond lattice. The study focuses on
the spectral properties of the operator, particularly the structure of the spectrum, its
point and continuous parts, as well as matrix representations associated with the
operator. The influence of the geometric and topological features specific to the
diamond lattice on the operator's spectrum is also analyzed. The results obtained
can be applied in quantum mechanics, modeling electronic states in crystal lattices,
and mathematical physics. In addition to analytical methods, the article presents
examples illustrating structural characteristics of the operator's spectrum.

Keywords: diamond lattice, regular point, spectrum, operator spectrum,

discrete spectrum, essential spectrum, compact operator.

Quyidagi to‘plamni garaymiz:
A, = {v(n): v(n) =nv; +n,v, n=(ny;n,), neZ?

bu yerda v; =(-1;0;1) v,=(0;=
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Ta’rif 1. A, to‘plamga 2 o‘lchamli olmos panjara deyiladi.

Quyidagi to‘plamni kiritamiz:

0=4U{P+4), p=§(—1; —-1;2).

£,(Q) - orqali Q da kvadrati bilan jamlanuvchi f(n) = (f;(n), f,(n))
funksiyalar juftligini belgilaymiz. Bu fazo Gilbert fazosi bo‘lib,  skalyar
ko‘paytma quydagicha aniglangan

(7.9)= Y 3AMGEM + Y 3hmG0.

VEA, ve(p+Az)

T=(-m;n]. L,%(T%) - T? da aniglangan kvadrati  bilan
integrallanuvchi f(x) = (f;(x),f,(x)) funksiyalar juftligining Gilbert fazosi
bo’lsin. Bu yerda skalyar ko‘paytma quydagicha aniglangan:

(f,9) = (f, 1) + (f2, 92)

bunda

(o) = | r@a@ dx i=12
']I‘Z
Quydagi F : £,(Q) » L,®(T2) unitar operatorni kiritamiz:

nez?

Bu operator teskarisi F~':L,®(T2) - £,(Q) quydagicha aniglanadi:

= (P70 0) ) FPE) =2 e 0

bu yerda (s,x) = s;x; + S,x5.

Olmos panjaradagi diskrit Shredinger operatori H ushbu #,() fazoda

chegaralangan o‘z-o‘ziga go‘shma operator sifatida quyidagicha aniglanadi:

H=-30,+ 1D+
bunda (=34, + DF)@) = ((WA)m; (RR)M™),

—

bu yerda (Vlﬁ)(n) =)+ fHn—e
IDOEIAOESA
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ey, €, ,n €f, n=mng;ny), e, =(1;0), e, =(0;1).
Q- Q da aniglangan zarrachalarning o‘zaro ta’sir potensiali bolib, ular
quyidagi formulalar bilan aniglanadi:

Q1(n) 0 ><f1 (n)) _ <Q1(n)f1(n)>

QfNHM) = ( 0 @2 (n) fz (n) Qz (n)fz (n)

bunda
Z 01| <o, z |0, ()| < o .
NneEA, ne(p+4z)
H operatorni koordinata ko‘rinishidan impuls tasvirga o‘tish F
almashtirishilari yordamida amalga oshiriladi.
H=FHF*'=F(-3(8,+1))F*+FQF.
H operator olmos panjaradagi diskrit Shredinger operatorining impuls tasviri
bo‘lib, u quydagicha aniglanad:
H=Hy+0Q, 1)
bu yerda: H, vaQ 2 X2 matritsa uchun matritsa operatorlari bo‘lib,

L,®(T?) da quyidagicha aniglanadi:

0 E(x)) (fl (x)) - <E(x)f2 (x)> ’

N =555 o EDACD

f2(x)

cre=lE SIE AR 2

bunda, E(x) — 2 o'zgaruvchili kompleks giymatli funksiya
E(x) = %(1 + e +e¥2) | Q; — L,(T?) da aniglangan integral operator

Q)00 = f Q= Of@dn =12

']I'Z

Q;(-) — T2 da aniglangan hagiqgiy giymatli biror uzluksiz, juft funksiya.
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Mazkur magolada L, ® (T2) — Gilbert fazosida (1) ko‘rinishda aniglangan
Olmos panjaradagi diskret Shredinger operatori H = Hy+ Q ning muhim
spektrini o‘rganamiz.

Bizga ma’lumki biror A € C uchun A — Al operator teskarilanuvchan
bo‘lsa, u holda A soni A operatorning regulyar nuqtasi deb atalar edi va A
operatorning barcha regulyar nugtalari to‘plami p(A) kabi belgilagan edik.

Ta'rif 2. a(A) = C\p(4) toplam A operatorning spektri deb ataladi.

Ta'rif 3. 1 € 6(A4) son yakkalangan, A operatorning chekli karrali xos
giymatlari to ‘plami diskret spektr deb ataladi va a,;,.(4) deb belgilanadi.

Ta'rif 4. 0,,,(4) = 0(A)\oyisc(4), A muhim spektr deb ataladi.

Ushbu tadgigotning asosiy teoremasi quyidagidan iborat

Teoremal. o(Hy) =[-1;1].

Isbot. Bizga ma’lumki [Reed Simon], H, 2 X2 matritsa operatorining
spektri quyidagi formula bilan aniglanadi:

o(Hy) = | | oy, )

XET?

Bunda H, (x) — har bir fiksirlangan x € T2 da 2 x 2 sonli matritsa
bo'ladi, ya’ni

() = (s £

Shuning uchun H, (x) ning spektri xos giymatlaridan iborat bo‘ladi, ya'ni

E(x) = %(1 + el 4 eixz)

har bir tayinlangan x € T2 larda det|H, — AI| = 0 tenglamaning ildizlaridan

iboratdir. Bu tenglamani tuzamiz:

(0 BGN a0y (A E®
(HO‘“)(’C)—(W 0 )‘(o A)—(m A )
det|Hy, — Al| = % E_(j) =0 = NP-EW Ex)=0 =

2= E@P* = Ao = F|EX)], x € T?.

bu yerda
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EQ)I? = EGEQ) = (1 +e™ +et¥2) - (1+e ™1 4 e7%2) =

S(3+ el e 4l 4 o7 4 el 4 omilan)) =

=13+ 2cosx; +2cosx, + 2cos(x; —x3)).

9
Shunday qilib,
o(Hy(x)) = { xos qiymatlari } = {—=|E(x)|; [E(x)] }.
Demak, (*)gako‘ra
0(Hp) = Uyerz 0(Ho(x)) = Uxerz{—IE()|; |E(x)|}
= —Ran{|E(x)|} U Ran{|E(x)[}.
Endi |E(x)| = max 3(3 + 2cosx; +2cosx, +2cos(x; —x,)) =1 va

rréiTrélE(x)l = 0 ekanligidan, ushbu —Ran{|lE(x)|} =[-1;0] va
X

Ran{|E(x)|} = [0;1] tengliklarni hosil gilamiz. Demak o(H,) =[-1;1] .
Teorema isbotlandi.
Lemmal. Q : L,P(T?) - L, (T?) kompakt operator.

Isbot. Q : L, (T?) » L, (T?). operatorni korinishi quydagicha edi:

3 (Qf1)(x) - (u f1)(x)
@AD 5 oim) = )

bunda, (Q;fi)(x) = [, Q:(x —O)fi(t)dt.  i=1,2, py,u, >0.

Biz Q operatorni kompaktligini ko‘rsatishimiz uchun har bir i € {1,2}
da

Q; : L,(T?) » L,(T?) operatorni kompakt ekanligini ko rsatamiz.
Ma’lumki, (Q;f;)(x) = sz Q;(x — t)f;(t)dt. operator kompakt bolishi uchun
Jpz J72 1Qi(x — £)|?dtdx < oo bo'lishi zarur va yetarli. Shartga ko'ra Q;(-) —
ikkala 0'zgaruvchi buyicha ham T? da aniglangan biror uzluksiz funksiya.

Bundan [, [, |Qi(x — t)|*dtdx integral mavjud va chekli. Demak
Q; kampakt, ya'ni Q kampakt operator.

Teorema 2. 0,.,(H) = o(Hy) = [-1,1].
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Isbot. Muhum spektr turg unligi hagidagi Veyl teoremasi_ga ko'ra H =
Q + H, operatorning muhim spektri Q kompakt gqo zg alishda o'zgarmaydi va
H, operator spektri bilan ustma-ust tushadi. Q kampakt operator. Bu yerdan
esa xulosa o,.(H) = o(H,). Teorema ishotlandi.

Bizendi H = Hy, + Q operatorning Q = u; > 0,7 = 1,2 holdagi xos giymati
va unga mos xos vektorini topish masalasini ko‘rib chigamiz. Buning uchun quyidagi

belgilashlarni kiritamiz:

D(z) = 211 212 , ko‘rinishdagi 2x2 matritsa, bunda
21 22
;
A= 18 f ~ = P E)
u= v Eeor-2" TR ) Eer-2%
T2 T2
9 (1)
AN SN, ¥, e f L
2= JJE@PE -2 "2 T =27
L T2 TZ

Teorema 3.z € R\[—1,1] soni H operatorning xos giymati bo‘lishi uchun
D(z) = 0 bo‘lishi zarur va yetarli.
Isbot(Zaruriyligi): z sono H operatorning xos giymati bo‘lsin, ya’ni
Hy = zy
Y = (Y1, P2), Y1, P, € Lp(T?)

tenglik bajarilsin.  H operator chizigliligidan

E(x) ¢2)+ sz 1 (s) ds

HY = (o + QO = Ho + 0% = (55 frs iztpa(s) ds

«(3:)

Bu yerdan quyidagi tenglamalar sistemasini hosil gilamiz:
(
EQGOp, (%) + 1y f P1(s) ds = zp; (x)
] ¥ (2)

EQ); (x) + py jwz(s)ds=z >
\
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Quyidagicha belgilash kiritamiz

€ = jllh(s) ds, C, = f‘pz(s) ds (3)
T2 T2

u holda (1) ga (2) ni qo‘yib quyidagi sistemasiga ega bo‘lamiz:
{E(x)ll)z (x) + p1C; = zip; (x)
E(),(x) + pupCy = zip,(x)
bundan
{E (P (x) = —p; C; + zp, (x)
E(x)lljl(x) = —uCy + lez(x)
ni hosil gilamiz. Dastlab birinchi va ikkinchi tenglamani mos rvishda E (x)

(4)

va E(x) larga ko‘paytiramiz:
{lE(xNzl/)z (x) + i EGO)Cy = zE (), (x)
|E ()21 (x) + upE(x)C, = zE ()P, (x)
Oxirgi sistemaga (3) ni go‘yamiz va quyidagi sistemani hosil gilamiz:
{|E(X)|21/)2 () + mEM)C, = z(—pCy + 2P, (x))
|E )21 (x) + p E(x)C, = Z(_ﬂ161 + 7, (x))
yoki
{(lE(x)IZ — 22, (%) = = E(x)C; — 21,
(IE(x)|2 - ZZ)¢1(x) = —uE(x)C; — zu G4
|E(x)|?> — z? # 0 ekanligidan 1, 1, funksiyalarga ega bo‘lamiz:

( _ EW Zly
jlpl(x) EGES “TE@mE-2Z" -
P E(x) ZHy

| - _ h
V-0 = " EE -2 TEeE -2

Endi (5) ni (3) ga olib borib qo‘yamiz va quyidagini hosil gilamiz:

. 2 E(s) Zy
Cl‘[( EGP 222 |E(s)|2—z261>ds
T

», #1%
e~ [ (et e

‘

Zlp

\
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( 1 E(s)
C1 1+Zu1f|E(S)|2—Z2dS + Cou, |E(s)|2—zzds=0
T? T?

c E(s)
L TS T
T2

2dS+C2 1+Zﬂ2 ds|=0

k ’I'Z

bu yerdan (1) ga ko‘ra

{C]_Al]_ + C2A12= O
C1A21 + C2A22= 0

ko‘rinishdagi tenglamalar sistemasiga kelamiz. Bunda y = (11, y,) vektor
H operatorning xos funksiyalari bo‘lganligi uchun (Cy, C;) # 0 bo‘lishi lozim. Bizga
algebra kursidan ma’lumki, bir jinsli tenglamalar sistemasi noldan fargli yechimga

ega bo‘lishi uchun asosiy determinant nolga teng bo‘lishi zarur. Bundan

A11 AlZ
D(z) = = 0.
€0 [ Vi
Yetarliligi: Faraz qilaylik, z€ R\[-1,1] ga D(z2) = A L)
A21 AZZ

bo‘lsin. U holda shunday (C;, C;) # 0 mavjudki,

{AllC‘l + A12C2 =)
A21C1 + A22C2 = 0

tengliklar o‘rinli bo‘ladi.
Y = (Y1,¥,) vektorda ¥, va P, lar quyidagi ko‘rinishda bo‘lsin:

B 2 E (x) Zy
N = TR E - 2% T E@E -2
H1m Zla

Ca

Vo) = T Eeor =22 T EmE - 22
Y = (Y1,¥,) ni H operatorning xos vektori ekanligini ko‘rsatamiz. Buning

uchun H operatorning y = (11/111) vektorga ta’sirini qaraymiz.
2

Hy = (Hy + Q)¢ = ((% ng>> o (0 ﬂ1>> (%(x))

t 0 Yo (x)
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/E(x)l/h (x) + 1 f P, (s) ds\
_ | T2 I _ (@1’)1(36') +,L1161>
_ EQ)Y, (x) + u, Gy
EQ)y,(x) + uy J Y,(s)ds

T2

Bu tengliklarga (4) ni keltirib qo‘yamiz:
wE(x) ziy \
/ g (")< EGOP -7 T EW] — 22 CZ>+”1€1

g m — o E (x) C. — Zly c )+ uc
EGOIZ—22 2 JEmZ—22 1) " H2*2

E(x)|? E
/ | E()] iy, T (x) C\

TEG =22 CJEQ)2—227% |
Zlq #2|E(x)|2 B
k EGOIE -2 T EmE =22 2 T Hebe

/—|E(x)|2+|E(x)|2—z2 P 1:16))
E@PZ—22 T E@P-22
o —|E@)|? + |E@)|? — 22
“Eor-2Zt T E@mr-z -

Cz

—z? Zu, E (x)

C —
EGZ -2 T E@Z = 22 2
Zly z?

— C, — C
EGZ—22 * JEG)2 - 221%™

—Z (e o E (x) c
101 2
Z( |E(x)|? — z* |E(x)]? — 22 >=Z<¢1)

258 A '(/)2
— C, — C
EQ)Z—22 ' [EG)|2 — 22122

yoki bundan

llJl)

Hy =z

v =2y,

tenglikka ega bo‘lamiz. Demak, ¥ = (1, ¥,) H operatorning xos funksiyasi

va z soni H operatorning xos giymati ekan. Teorema isbot bo‘Idi
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Isbotlangan teoremaga asosan, aytish mumkinki H operatorning muhim
spektri [—1,1] dan iborat, R\[—1,1] da esa deskrit spektri mavjud.

Xulosa

Mazkur ishda uch o‘lchamli olmos panjarada aniglangan diskret Shryodinger
operatorining spektral xossalari o‘rganildi. Dastlab operator spektri va uning tarkibiy
gismlari — diskret hamda muhim spektr tushunchalari kiritildi. Asosiy natija sifatida
H, operatorining spektri [—1,1] oraligga tengligi isbotlandi. Shuningdek, integral
ko‘rinishda berilgan @Q operatorning kompaktligi ko‘rsatildi. Veyl teoremasiga
asosan, kompakt qo‘zg‘alish ostida muhim spektr o‘zgarmasligi sababli H = H, +
Q operator uchun ham muhim spektr [—1,1] ga teng ekanligi aniglandi. Olingan
natijalar diskret kvant tizimlarining spektral tahlilida muhim ahamiyatga ega.
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